Positive Solution of Fractional Differential Equations
with Integral Boundary Condition

Lilia ZENKOUFI -

" Department of Mathematics. Faculty of Sciences
University 8 may 1945 Guelma, Algeria
Laboratory of Applied Mathematics and Modeling "LAMM"
e-mail: zenkoufi@yahoo.fr

Abstract: This present work concerns the study of a class of nonlinear fractional differential
equations with an integral condition, by the help of some fixed point theorems. We establish the
uniqueness result by the Banach contraction principle and to prove the existence of positive
solution we use a cone fixed point theorem due to Guo-Krasnoselskii by introducing height
functions of the nonlinear term on some bounded sets and considering integrations of these height
functions. Two examples are also included to illustrate our results.
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Introduction

Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. Fractional
boundary value problems have been widely studied in the last decades and many
monographs and books are devoted to this subject we refer to [1,4,5,7-13,15-19,21,23-
24] and their references.

Fractional and ordinary boundary value problems with integral conditions have
been investigated by many authors see [2,3,6,14,20,...]. The history of fractional

calculus can be traced back to the 17th century, when the German mathematician
Gottfried Leibniz first mentioned the concept of fractional differentiation in a letter
to his colleague Johann Bernoulli. However, the development of fractional calculus
as a field of study actually began in the 19th century, with the work of several
mathematicians, including Augustin-Louis Cauchy, Liouville, and Riemann. In the
early 20th century, the French mathematician Paul Lévy used fractional calculus to
model random processes, and it was subsequently used in the study of fractals and
other areas of mathematics. We can cite the paper [20], where Wenxia Wang
studied the following fractional integral boundary value problem (BVP) with a
parameter .

{D(‘)i x(t)+ f(t,x(t))=0, te(0,1)

K(0)=0, x(1)= ufx(s)ds.
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where Dy is the Caputo fractional derivative of order o, 1<a<2
f eC(0,1]xR,R,) and u>0.
In [22], the authors obtained the existence of positive solutions of the following

singular fractional differential equations with infinite-point boundary value
conditions:

Dz x(t)+a(t) f(t.x(t)=0, te(0,1)
x(0)=x(0)=.x"?(0)=0,
D, ()=i§aix(.§i),
where a>2, n-1<a<n, pe[La-1] is a fixed number, &, >0, 0<& <..<& <..<],
and D;., D;. are the standard Riemann-Liouville derivatives.

Motivated by the above work, we investigate the following integral boundary value
problems of fractional differential equations

D;u(t)+ f(tu(t)=0, te(0,1)
{u(o)=u'(o)=o, uL) =25 55" "g(s,u(s))ds,
where D;. is the Riemann-Liouville differential operator, of order o, 2<a<3 and
0<p<a. f, geC([0,1]x(0,+x)]0,+0)),g(t,u) is nondecreasing on u for any t <[0,1].
The organization of this paper is as follows. In section 2, we provide necessary
background. Section 3 treats the uniqueness of solution by using the Banach

contraction principle. Section 4 is devoted to the existence of positive solution on a
cone, then we give some examples. We achieve the paper with two examples.

(1.1)

Preliminaries
In this section, we introduce some basic definitions and lemmas
Definition 1 : [16] The fractional integral
VAN SO
1o f(t)= F(a)-[o = ds,
where « >0, Is called Riemann-Liouville fractional integral of order « of a
function f : (0,+0)—>R and I() isthe gamma function.
Definition 2: [16] The Riemann-Liouville fractional derivative of order o >0, of
a continuous function f : (0,+0) >R is given by

D; f(t)= ﬁ(;j j (t—s)*" f(s)ds.

() is the gamma function, provided that the right side is point-wise defined on
(0,+0) and n=[a]+1, [«] stands for the integer less thane.




Lemma 3: [10] Let «,3>0, f cL(0,1), then
112 F(t)=1:7F(t)
Lemma 4: [10] Assume that ueC(0,1)nL*(0,1) with a frational derivative of order
a >0 that belongs to C(0,1)~L*(0,1). Then
L2 Dau(t) =u(t)+ ot et ? +..+ct,
for some ¢ eR, i=12,..,n; n=[a]+1.
Lemmab5: [22] If «,5>0, then
|2tA1 = F(IB) thra-t
F(ﬂ+a)
Let E be the Banach space of continuous functions C[0,1], endowed with the norm
ol = )
LLemma 6: The unique solution of the problem (€.1) is glven by

u(t)=ﬁj06(t,s)f( s+ jol

where
Gt s) t“:(l— s)"“ll—(t —s), 0<s<t<l
t (@1-s), 0<t<s<Ll.

H(t,s)=t" 1—s)”", t,;se[0,1]

Proof: By Lemma4 we can see that

u(t)=—12 y(t)+Ct“t +Ct“ 2 + Ct* >,

From u(0)=u'(0)=0 we get C,=C,=0. And, from u()= 25 [@-s)" g(s,u(s))ds,
we deduce that

c, =#ﬂ) [la-sy"g(s,uls))ds + 17, y(2)

F(a—
Then
u(t)=%a)_|‘;—(t—s)“‘lf( u(s ))ds+ .[t“‘l (L—s)y ™ f(s,u(s))ds
1 t o p1
+l“(a——,8)~[0t (1-s) g(s,u(s))ds.
So
u(t):% j;[ta1(1_s)a-1_(t_s)a-1]f(s,u(s))ds+%) [[@-s)f(s.u(s))ds
+—r(a_ﬂ)J:t“‘l(l—s)“‘ﬁ’lg(s,u(s))ds.

And, that is equivalente to



()= iy hBs) s s [ s)als.u(s)as,

r [(a—p)%
where Git,s) is defined by (2.2). The proof is complete.

Now we give the properties of the Green function.
Lemma 7: The function Gf(t,s) defined by (2.2) satisfies the following properties
(i) G(t,s)>0 and G(t,s)eC([0,1]x[0,1] R,) .
(ii)gg)f] G(t,s)=G(s)
(i) If t,se[r,1] >0, then
£1G,(s) < G(t,s) < 1Gy(s),
T

where G,(s)=s(1-s) .
Proof: (i) The continuity of G is easily checked. For 0<t<s<1, it is obvious that
Glt,s)=(1-s) t“*>0.
In the case, 0<s<t<1 we have
Glt,s)= [(1— s) et —(t—s)” J: (t-ts) —(t—s)" >o0.
(i) is easily checked.
(i) If o<t<s<y,
G(t,s)=(1-s) "t <G,(s)
If 0<s<t<1,we have
G(t,s)=|a-s) "t — (t-s)

then

G(t,s)s%Gl(s), vs,te[0,1]
Consequently

Glt,s)< %Gl(s), vselr) telo,]

Now, we look for lower bounds of Gft,s) If 0<t<s<i,
G(t,s)=t**(1—s)" " >t**s(1—s5)""

then

G(t,s)=t*"'G,(s), vstelo]

If 0<s<t<1,we have

Glt,s)=(1-s)"t**—(t—s)*" >0,

and

@-s)t**@1-s)-(t—s)* " >0,

G(t,s)>t*"'G,(s), vs,telo,]



Finally,

G(t,s)>7*"G,(s), for t,s [r,1]

The proof is complete.

To use the fixed point theorem, according to Lemma 6, we define the operator T as

Tu(t):ﬁ [ReOL (s,u(s))ds+ﬁ [ H(ts)g(s.u(s)ds.

Then, we have the following Lemma
Lemma 8: The operator T : E — E, is completely continuous.

Proof: 1) T is continuous.

From the continuity of f, H and G , we conclude that T is continous operator

2) Let B ={ucE :|u|_ <r} a bounded subset. we will prove that T(QNB,) is
relatively compact, Q={uecE : u], <m}

(i) T(@nB,) is uniformly bounded.

Then for any teB,, there exists a constant M, such that f(s,u), g(s,u)<M, for
some ueQmB we have:

Tu(t) s j G,(s ds+ j Gy(s

Then,

mul, < %(F(la)+ _ (al_ﬂ)j [[G.(s)ds

then, T(QnB,) uniformly bounded.

(i) T(QNB,) is equicontinuous.

Because Gt,s) is continuous on [0,1]x[0,1 G(t,s) is uniformly continuous on
[01]x[0,1] ( likewise for H(t,s) ). Thus for any &, &, there existe §>0 such
that |G(t,,s)-Glt,,s)<e and |H(t,s)-H(,s)<e, let ueQnB, Vt, t,e[01]
t, <t,, and |tl—t2|<5 one has:

[Tu(t,)—Tuf(t ]< “Gt s)—G(t,,s) f(s,u(s))ds

+WJO|H t,,s)—H(t,s) g(s,u(s))ds.

[Tu(t,)-Tu(t, ) <M (r(z;f r(ofz—ﬁ)}

Consequently, T(QNB,) is equicontinuous. From Arzela-Ascoli theorem, we
deduce that T completely continuous operator.

Uniqueness solution

In this section, we prove the uniqueness result by the Banach contraction principle.




Theorem 9: Assume that there are Ll, L, >0 such that
[F(t.u) tv)|<L1||u v,
lg(t,u)-g(t,v) < LJu-v],

vuveR,, te[0,1]
and if

czl(r ]je s)ds<1, ze[0,1]

T
Then the boundary value broblem (1.1), has a unique solution in E

Proof: We shall use the Banach contraction principle to prove that the operator T
defined by (2.3) has a fixed point. Now we will prove that T is a contraction. Let

u,veE, we get
[Tu(t)—Tv(t) <—.[ G(t,s)|f(s,u(s))— f(s,v(s))ds

[(a)®
+ﬁfo H(t,s)|g(s,u(s))—g(s, v(s)) ds.
So, we can obtain
[Tu(t)-Tv( t)|<_(1“( JJ. G,(s)ds Ju—v|
By using
C=%[FL1 jje s)ds <1.

Obviously, we have

[Tu=Tv] <Clu v,

so, the contraction principle ensures the uniqueness of a solution for the fractional
boundary value problem (1.1). This finishes the proof.

Existence of positive solution
In this section we investigate the positivity of solutions for the fractional boundary
value problem (1.1) , for this we make the following hypotheses.

(Q,) f,geC((0,1)x(0,+0),[0,+0)).

(Q,) ©Gi(s)ds>0.
(Q,) For any positive numbers r <r, there exists a continuous function

P, :(01)—>[0+) and g, :(0,1)—[0+x) such that
ftu)<p,.(t) O<t<l tr<u<r,



Let E=C[0,1} so that E is a Banach space endowed with the norm |u] = max]u(t).

o<t<l

The main result of this section is the following well-known Guo-Krasnosel'skii
fixed point theorem on cone.

Theorem 10: [9] Let E be a Banach space, and let K c E, be a cone. Assume
0,,Q, are open subsets of E with 0eQ,, Q,cQ,, and let

A Kn(@\0)-K,

be a completely continuous operator. In addition suppose either

(i) [au|<|ul. uekKnoo, and |au|=|u|, ueK o, or

(ii)]|au| = |lu], ueKnay, and |au|<|u], ueK o,

holds. Then a has a fixed point in Km(Q_Z\Ql)

Definition 11: A function u(t) is called positive solution for the boundary value
problem (1.1) if u(t)>0, vte[0,].

Lemma 12: Let ueE , then the solution u of the fractional boundary value
problem (1.1) is nonnegative and satisfies

min,u(t)= =[],

Proof: Let ueE, it is obvious that u(t) is nonnegative, t<[0,1] From Lemma 6
and 7, we have

Jul, < ( jG s +——— J.G J

7u. < IG ds+ _[G
On the other hand, for all te[ 1], we obtain

t)> 7% 1( j G,(s ds+ j G,(s J
Therefore, we have

trergirjl]u(t)z 7|ul..-

The proof is complete.

Let K be the cone of nonnegative function in C[0,1] with the following form
K= {u cE, u(t)>r" . te[z',l]}.
K is a nonempty closed and convex subset of E, hence it is a cone.
Denote O(r)={ueK : |u|_ <r} and oQ(r)={jueK : |u|_=r} for r>o0.
Lemma 13: Soppose that (Q,)-(Q,) holdand 0<r,<r,. Then T : Q(r,\Q(r)— K
Is completely continous




Proof: For any ueQ(r,)\Q(r,), it follows from Lemma 7 that

Tu(t)< %(%a) [6,(5) £ s,u(s))ds + ﬁ [6)a6s, u(s))ds].

On the other hand, for all te [r 1], we obtain

t)> 7% 1[ j Gy(s ds+ j G,(s J
Therefore, we have
Tu(t)>7*|Tuf_, 0<r<t<l.
Noticing the continuity of G(t,s) and (Q,)-(Q), it i seasy to see that T is continous
in Q(r,)\Q(r,). Next, we show T is compact Forany ueQ(r,)\Q(r,), we have

|Tu(t)|g{ jG s +——— J.G }

Then,

mul, < %(F(]-a)+ _ (al_ﬂ)J [[6.(s)ds,

where, there exists a constant M, such that f(s,u), g(s,u)<M. Then, T(Qirz)\Q(rl))
Is uniformly bounded.
Because Gt,s) is continuous on [0,1]x[0,1 G(t,s) is uniformly continuous on

[0,1]x[0,2] ( likewise for H(t,s)) . Thus for any &, s,, there existe §>0 such that
G(t,s)-Glt, s)<s and  [H(t,s)-H(t,s)<s, if  |t-t[/<s, and (ty,s),
(t,,s)e[0,1]x[0,1] Then, for any ueQ(r,)\Q(r) and t,t,[0,1] suchthat |, —t,[<5 ,
we have

Tut,)-Tu(t, ) < ﬁ [16(t,.5)-Gl,.s)  (s.u(s))ds

i ) Sl uGes

[Tu(t,)-Tu(t, <M (r?;) ' r(ofz— ﬂ)J

We can see that the functions in T(Qi r, )\Q(rl)) are equicontinuous. So, T(Qi r, )\Q(rl))
is relatively compact in E. Thereby, T is compact in Q(r,)\Q(r), and thus
T : Q(r,)\Q(r,) > K is completely continuous.




We introduce the following height functions to control the growth of the nonlinear
term f(t,x):

olt,r)=max{f (t,u(t)) : tr<u<r} 0<t<1 r>0.

w(t,r)=min {f(t,ut)) : tr<u<r} 0<t<1 r>0.

Theorem 14: Suppose that (Q,)-(Q,) hold and there exist two positive numbers
a<b such that one of the following conditions is satisfied:

(A) - a<;[G ()@®%+mﬁﬁ 1(5)g(s,u(s))ds <+

and, 5,Gi(s)e(s,b)ds + 25 1;Gi(s)g(s,u(s))ds <b,

(Aﬁr-ﬁ;EGAﬁwi&akB+F@;ﬂk Gy(s)g(s.u(s)ds<a

and, b<i5[G,(s)w(s,b)ds+ 25 Gi(s)g(s,u(s))ds < +o,

where, g(t,u) is nondecreasing on u for any t [0,1].

Then the boundary value problem (1.1) has at least one strictly increasing positive
solution u* e K such that a <u’| <b.

Proof: Without loss of generality, we only prove (A)

If uea(a) then |u|=a and t“a<u(t)<a, 0<t<1. By the definition of (t,a) we
know that

f(t,u(t))>wl(t,a)

By Lemma 7 we have that

[Tul=r Ol]m.[G(t ,s) f(s,u(s))ds + 1 _[:H(t,s)g(s,u(s))ds.
(s,

Ta-p

)
1 1
|Tu||_ IG w(s,a ds+r(a_ﬂ)_[061(s)g
If ueaQ() then |u|=b and t“b<u(t)<b, 0<t<1. By the definition of ¢(t,a) we
know that
f(t,ut)) < olt,a)

By Lemma 7 we have that

u(s))ds > a = ul}

nnm=%%f%5£e@gf( (»$+r&;/ﬂEHQSM@u(»$.
Tl < ( je has+ b je J
i< j Gy(s)(s,b)ds +——— j G,( ))ds <b =],

By Theorem 10 (Guo- Krasnoselsku fixed point theorem), T has a fixed point
u" € Qb)\(a), From Section 2 we know that u* is a solution of (1.1) and a<|u’|<b.



Because u*(t)>t”
And, we have
) @ =) @)
= [ 26(t,s) s, u(s)ds+ ——— [ H(t,s)g(s, u(s)ds > 0
T(a)% ot T(a-p)rat ' ’ ’
which implies that u* is a strictly increasing positive solution. The proof is
completed.

u|=t"a, 0<t<1, we get that u" is a positive solution for (L1).

Examples
In order to illustrate our results, we give the following examples.
Example 15: Consider the following fractional boundary value problem
Diu(t)+Lu(t)=0, 0O<t<l P
u(0)=u(0)=0, u(t)= iy flL-s) "1 +"d)as, '

Let,

7 2
“=3 /73
and,
‘ t’ _ou(t)
(t,u(t))zau(t), g(t,u(t))—1+T, m,n > 0.
Then,

10)- 1 v) < Juv]

lg(t,u)-glt,v) < —||u v| vuveR,, tel01]

and,
1

cz—(r ]je s)ds<1, ze[0,1]

T

Hence, by Theorem 9, the boundary value problem (P,) has a unique solution in E.
Example 16: Consider the following boundary value problem
D u(t)+u®(t)+1=0, 0<t<l,

{u(o):u'(o)zo’ u(t)= 77510(1 SY 2 u%(s)+ 5 Jos. (P2)




Obviously, f,geC((0,1)x(0,40),[0,40)), T(a)=T(%)~3,32, I'(e—B)=T(2)=1. For any
positive numbers r, <r,, it is easy to see that (Q,)-(Q,) hold for p, , (t)=r2+1t"r .
The height functions ¢(t,r) and w(t,r) satisfy the following inequality:

olt.r)= max{us(t)Jr% Ctir<us< r} <rs +%t‘3r‘%,

w(t,r)=min {Us(t)Jr% tir<us r} >t7r° +%r‘§,

and g(t,u) isnondecreasing on u for any te[0,1].
It foIIows that

_[G slds+
And

1 p 1 1
mjo Gl(S)l//(S, 125jd5 + I G dS > m

By Theorem 14, we get that ( ) has at least one strictly increasing positive solution
u"eK suchthat s <|u<1.

F(al— ) ‘[:Gl(s)g(s’ u(s))ds <1.

Conclusion

In this paper, we considered a fractional differential equation involving Riemann-
Liouville fractional derivative of order «, 2<a<3. We studied the uniqueness of
solution by using the Banach contraction principle and, we established the
existence of positive solution by Guo-Krasnosel'skii fixed point theorem by
introducing height functions of the nonlinear term on some bounded sets and
considering integrations of these height functions. As application, examples are
presented to illustrate the main results.
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